Dense layers of solid particles surrounding a high energy explosive generate jet-like structures at later times after detonation. Conjectures as to the cause of these jet structures include inhomogeneities in the initial distribution of particles. We characterize this variation as particle volume fraction (PVF), defined as volume of particles divided by the volume of gas and particles in a computational cell. We explore what trimodal sinusoidal initial PVF variation would lead to the observed jet formation. This is done by looking for mode shape parameters that amplify most rapidly via optimization.
Wave-number of the mode i Φ i Phase shift of the mode i f (θ, t) = Fractional volume ∆f (t) = Fractional volume difference ζ= Normalized maximum PVF difference t α/2,n−1 = Student's t distribution value with n − 1 degrees of freedom and 100 × (1 − α)% confidence interval σ = Sample standard deviation
I. Overview
Experiments have shown that dense layers of solid particles surrounding a high energy explosive generates jet-like structures in the particulate phase some time after detonation.
1, 2 The mechanisms governing the formation and growth of jet-like particle structures are poorly known, but depend on the nature of the particles, the geometry of the charge, the mass ratio of explosive to particles, imperfections in the casing containing the particles, inhomogeneities in the initial distribution of particles, stress chains within the particle bed during shock propagation, and possibly other causes not yet considered. However, the main driver of the jets is still unknown.
In our current simulations, just the variation of the random initial position of particles does not allow us to see jet-like structures, therefore we impose larger initial perturbations in the particle volume fraction (PVF) that lead to finger-like structures at later times. PVF is defined as the ratio between volume of particles and volume of gas and particles in a computational cell. The imposed perturbations are described in Section II. We seek to explore via optimization the initial mode shapes that would lead to the strongest amplification of the initial conditions. Figure 1 shows how a small single modal initial PVF perturbation transforms into finger-like structures in simulations. We observed that the tip of the fingers occurs in sectors where the PVF is initially lower. This is because the gas has a preferential path where the density of particles is lower pushing the particles further in these areas. Previous research 3, 4 indicates that single and bimodal azimuthal perturbations of the initial PVF leave a signature in the particle cloud up to the final simulation time, 0.5 ms after detonation. In this work, we have chosen to impose up to trimodal perturbations.
Knowing that multiphase explosions of solid particles is a very complex phenomenon that can be approached from different angles we chose to start our study quantifying the departure from cylindrical symmetry. This metric is described in Section III and it will be the metric used for the optimization. Figure 2 shows a cylindrical multiphase detonation experiment presenting an initial highly cylindrical symmetry configuration, however, at later times this symmetry is lost due to the presence of jet-like structures.
(a) Initial time, before the detonation.
The configuration presents a highly cylindrical symmetry.
(b) Intermedate time after detonation. Jets structures begin to form making the configuration relatively axisymmetric.
(c) Late time after the detonation. Jets are highly developed and the departure from cylindrical symmetry is evident. After having widely explored different metric options to measure the departure from axisymmetry in simulations, we could find a suitable metric to maximize. We called it normalized maximum PVF difference, ζ, and its description can be found in Section III.
We have realized that small changes in the initial conditions, such as the random initial location of particles within a cell, induce substantial changes in the metric. This noise would be detrimental for using optimization to maximize the metric by varying the initial imperfection. The noise in the PVF was characterized and quantified and the process can be found in Section IV. The robustness of the metric was improved by the implementation of a discrete Fourier filter, this process is also described in Section IV.
We have found that there are free validation points available due to the symmetry of this problem. We present here a simplified problem where the amplitude for each of the three modes is kept the same and there is no phase shift therefore, the order of the wave-numbers does not matter. That is, the case with wave-numbers (k 1 , k 2 , k 3 ) should have the same output ζ than its permutations (
. These symmetries are known as the dihedral or D 3 symmetry group. We will refer to the six points that are connected by the dihedral symmetry as the permutation points. This technique can be easily extended to further dimensions, i.e., in nine parameters, for the point (
, we identified the following five permutation points:
. Measurement of uncertainties using permutation points is discussed in Section V.
Because the simulations are very expensive the need for surrogate models is mandatory for optimization. In particular, we are interested in the construction of a co-Kriging bi-fidelity surrogate model. In this case, the low-fidelity model is obtained by making the grid coarser and reducing the number of computational particles accordingly resulting in savings of 82%. Further details are described in Section VI.
II. Perturbed Particle Volume Fraction (PVF)
The computational domain is composed of a 0.76 cm diameter inner circle containing the explosive charge, a 10 cm diameter annulus that encloses a bed of glass particles, and a 120 cm diameter outer annulus at standard atmospheric conditions of pressure and temperature. Figure 3 is a schematic of the computational domain (not to scale). The base PVF is set to a relatively low 5%, to avoid the effects of densely interacting particles, which the simulation code is not yet able to handle. The outer annulus was set to contain the blast wave during the entire simulation time.
The perturbations imposed to the PVF are inspired by our previous work. 3, 4 We perturb the base PVF using up to three sinusoidal waves. Equation 1 shows the mathematical form of the perturbations, where φ p is the PVF at a given angular coordinate θ and φ p 0 is the base PVF. A i and Φ i are the amplitude and phase of the mode i respectively. The wave-number of the mode i is defined as
where λ i is the wavelength of the mode i. Note that the perturbations are constant in the radial direction. Mode amplitudes, waves-numbers and phases will be the design variables for the optimization with the energy constraint A = A 2 1 + A 2 2 + A 2 3 = 0.1 √ 2 and the angular constraint that Φ 1 = 0. This perturbation can be generalized in the future to n modes of amplitudes A i , wave-numbers k i and phases Φ i with i = 1, 2, 3..., n.
To illustrate how a perturbation looks like in simulations, Figure 4 shows PVF contours at time 0 for a trimodal perturbation with equal amplitudes A 1 = A 2 = A 3 = A = 0.1 2/3, wave-numbers of 7, 15 and 25, and phases equal to zero. The figure also marks out the circular sector with highest PVF and with lowest PVF. These will be used in the calculation of the optimization metric described in Section III.
III. Definition of the Optimization Metric
After substantial analysis and numerical experimentation we found a metric that we consider suitable to measure the particles departure from cylindrical symmetry. The steps to obtain this metric are described in this section. We divide the domain into circular sectors in the azimuthal coordinate θ. In our problem, the volume of the circular sectors remains constant and equal to πR 2 /N . Here, R = 0.12 m is the radius of the computational domain showed in Figure 3 and N = 128 is the number of grid cells in the azimuthal coordinate. The fractional volume, f , is defined as f (θ, t) = V olume of particles in a sector (θ, t) V olume of the sector ,
where t is time. Then, we compute the fractional volume difference, ∆f ,
between the circular sector with most particles and the circular sector with least particles, see Figure 4 . ∆f at time t is then divided by ∆f at initial time and it is called normalized maximum PVF difference, ζ(t), After having explored several metrics we have found that the normalized maximum PVF difference, ζ(t), gives us a good idea of the particles departure from the initial cylindrical symmetry as a function of time.
IV. Noise Quantification and Filter Implementation
We found that the fractional volume, f , has substantial noise mainly associated with two sources. The first one is the randomness in the initial PVF within a cell, i.e., a small random variation in the initial particle position leads to substantially different results. The second noise source is due to the grid geometry transition showed in Figure 5 . A Cartesian grid in the origin is used to avoid the singularity at r=0 and to accurately resolve the early stages of the detonation due to its high refinement. Using the polar grid outside allows to increase the grid cell size where there is no need of high resolution. The transition from Cartesian to polar grid is responsible for two identical initial perturbations rotated by an angle give different result. To reduce the noise to an acceptable level we implemented a filter. We have chosen Fourier filter since it can identify high frequency modes. Figure 6 shows Fourier spectrum, where the cutoff line is shown in red. The criterion chosen is to keep modes with amplitudes higher than 10% of the highest amplitude present in the whole spectrum.
To show the reader to what extend the filter reduces the noise, we have introduced a initial perturbation for a single mode of A 1 = 0.1 √ 2 and k 1 = 10. Figure 7 (a) shows ζ as a function of time. The red line plots the original unfiltered data while the blue plots the filtered ζ using a 10% Fourier filter. Error bars represents one sample standard deviation. Figure 7 (b) box plots show the variability of the original and of the filtered ζ at the final time t = 500µs, due to the geometry and randomness altogether. Note that in the optimization problem the objective function is ζ(t = 500µs) as a function of (A 1 , A 2 , A 3 , k 1 , k 2 , k 3 , Φ 1 , Φ 2 , Φ 3 ) subject to A1 = A2 = A3 = A = 0.1 2/3 and Φ 1 = 0, therefore it is important to take a closer look at t=500µs. The geometry variability was obtained imposing ten different rotations from 0
• to 180
• . The variability due to the initial particle location was obtained from ten different configurations in the initial particle location using a random uniform distribution. We compute the noise at time t as N oise(t) = t α/2,n−1 (σ
whereσ ζ,t is the sample standard deviation of ζ at time t assuming normal population, n is the sample size, α is the probability of rejecting the null hypothesis when the null hypothesis is true, t α/2,n−1 is the Student's t distribution value with n − 1 degrees of freedom and 100 × (1 − α)% confidence interval commonly used to calculate small sample confidence intervals. ζ t is the mean value of ζ at time t. Then using Equation 6 with n = 10 and α = 0.01 we have that the noise in ζ at t = 500µs due to geometry is 3.5%, due to randomness in initial particle position is 4.5% and due to the combined effect is 3.2%. Using Fourier filter, we have reduced these quantities to 0.6%, 0.5% and 0.7% respectively.
(a) ζ as a function of time. In red is plotted the original unfiltered data, in blue is plotted the filtered ζ using a 10% Fourier filter. Error bars represents one standard deviation.
(b) The box plots show the overall variability in ζ(t = 500µs). On each box, the central mark is the median, the edges of the box are the 25 th and 75 th percentiles, the whiskers extend to the most extreme data points. 
V. Measuring Error using Permutation Points
In this section, we present a novel technique to measure errors using permutation points. Although the example presented here includes only three parameters, this technique can be easily applied to the general case of nine parameters. In what follows we will restrict our attention to the following subset of a trimodal perturbation where the amplitudes of the three modes are chosen to be equal, along with the energy constraint, A1 = A2 = A3 = A = 0.1 2/3, and zero phase difference between the three modes, i.e., Φ 1 = Φ 2 = Φ 3 = 0. With this simplification Equation 1 becomes
where the order of k 1 , k 2 , and k 3 does not matter, therefore, the case with wave-numbers (k 1 , k 2 , k 3 ) and its five permutations (
will give exactly the same output, which is known as the dihedral or D 3 symmetry group. We refer to the six permutation points that are connected by the dihedral symmetry as permutation points. The training data is plotted in Figure 8 . The data plotted in Figure 8(a) is the original data (60 points) and can be found in the Appendix A. Figure 8(b) shows the permutation points along with the original data points (360 = 60 × 6). Two approximations were performed using the Kriging surrogate approach from Dr. Viana's MATLAB Surrogate Toolbox. 5 The first one without using permutation points (60 points) and the second one using them (360 points). The former approximation is calledζ 60,0 and the laterζ 60,300 .
We have calculated the root mean square error, RM SE, using as validation points the 300 permutation points which gives RM SE =0.01162. Then we selected the point, out of the 300, whereζ 60,0 has the poorest accuracy. This point is [2, 10, 15] , which is a permutation point of the original point [2, 15, 10] . Table 1 shows theζ 60,0 at all [2, 15, 10] permutation points. The table also shows ζ( [2, 10, 15] ) which is the value of the simulation at the point [2, 15, 10] , and the range-normalized error, RN E (Equation 8), at each of the five [2,15,10] permutation points. The RN E at a point x i is calculated as,
whereζ( x i ) represents the Kriging prediction at the point x i , which is the validation point i. ζ i is the simulation output of the validation point x i . The RN E( x i ) is used to assess surrogate error at a point x i . In our case the maximum value of ζ is max(ζ)= 3.2986 and the minimum is min(ζ)=2.0923, so max(ζ)-min(ζ)= 1.2063. The RN E is presented in percent of the range. Observing Table 1 we can estimate that the symmetry is violated by a range-normalized error up to 33%. 
VI. Co-Kriging Multi-fidelity Model
Because the simulations are very expensive, the use of surrogates is mandatory for the future optimization. We have done substantial research in multi-fidelity surrogates models 6 since they hold the promise of achieving the desired accuracy at lower cost. In particular we are interested in constructing a co-Kriging multi-fidelity surrogate.
Co-Kriging is a form of Kriging that correlates multiple sets of data. 7 In this case, the low-fidelity (LF) is obtained by making the grid coarser and by reducing the number of computational particles accordingly. The cost savings are currently 82%. Although we need to construct a nine-variable surrogate for the optimization, we tested the performance of co-Kriging using just one variable, the first wave number k 1 . The other variables remains constant (k 2 = 15, k 3 = 25,
To test co-Kriging, we have chosen a design of experiment (DoE) where 14 LF points are uniformly distributed in the interval [1, 14] . For the high-fidelity (HF) we chose k 1 = 3, 7 and 12 (nested DoE) and k 1 = 5, 9 and 10 as validation points. Python openMDAO co-Kriging 8 implemented by Vauclin, 2014 9 inspired in Le Gratiet, 2013 10 was used to build the surrogate. In Figure 9 red dots represent the LF data, green dots represent the HF data and the star markers are the validation points. The green continuous line is the resulting co-Kriging surrogate. As we observe co-Kriging does a good job predicting the validation points due to the high correlation between LF and HF points. Although these are encouraging results, we do not discard the possibility that in higher dimensions the correlation between HF and LF is poorer. 
VII. Conclusions and Future Work
The paper explores the use of optimization to find initial disturbances in particle distributions that are amplified into jets at later times. For this purpose, an objective function needs to be chosen. We selected the Normalized Maximum PVF Difference, ζ, which measures the departure from cylindrical symmetry considering the azimuthal coordinate. Fourier filter is used to reduce the noise in the response due to its capability of preserving high frequency modes.
We present a novel technique to measure errors using permutation points. These points are the result of the dihedral symmetry of the physical problem. Permutation points are used as validation points, to measure error in the Kriging approximation. We include a simplified example using only three parameters, however the technique can be easily applied to nine parameters and, furthermore, to multi-fidelity models. Using the permutation points as validation points we obtained an RM SE = 1% and a maximum symmetry violation of 33%. Future work will include the use of permutation points not only to quantify uncertainties but also to improve surrogate modes.
We tested multi-fidelity co-Kriging in a single variable and we obtained encouraging results. We are strongly considering the idea of using co-Kriging approximation also in nine parameters, however, we do not discard the possibility that in higher dimensions the performance is not as good. We also need an adaptive sampling algorithm that will decide (a) how many LF and HF points to sample in the next iteration and (b) where to sample them. We are currently considering the co-Kriging-based sequential design strategies proposed by Le Gratiet and Canammela, 2015 11 for this purpose.
